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§1. Introduction

Embedded structures, i.e. spaces arranged inside others
in a particular way,? are an important field of interest
in modern mathematics, e.g. knot theory. There is evi-
dence that this concept has also been a subject of study
in Ancient Mesopotamia. Two examples are considered
in detail. The exposition is merely descriptive, not of any
“theoretical” nature.

§2. Embedding Lines in 3-Space: Knots

§2.1. The reverse of the clay tablet VAT 9130 from Early
Dynastic Suruppak (modern Fara) contains an assem-
bly of five drawings of knotted snakes (figure 1).3 Even
though the tablet has been known and dealt with for
some time now, so far little attention has been paid to
these drawings.* Friberg (2007: 418) seems to have been
the first to state that “These drawings can be understood
as another early example of a mathematical theme text,”
and they will be our first example for the systematic study
of embedded structures.

§2.2. In the following, the drawings of VAT 9130 rev.

This paper is a slightly revised version of the MPIWG pre-
print Brunke 2012, which had originated from part of my
work within the Excellence Cluster 264 TOPOI, 2008-
2010. Thanks to Helga Vogel for making Jiri Kandeler’s

lines known to me.

There is no need to give the precise mathematical defi-
nition of a (topological) embedding here. The essential
point in this context is that no self-intersections of the
components arranged in the surrounding space occur.

3 Photographs of VAT 9130 can be found in Nissen,
Damerow & Englund 1993: 113 and as CDLI no.
P010670.

For example, in the original publication of the tablet,
Deimel (1923: 71 text 75) just states “RS unbeschrieben.”
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Auch unter Schlangen gibt’s Idioten —
Man erkennt sie an den Knoten.
Jiri Kandeler

Figure 1: Reverse of VAT 9130 with its designs numbered 1-5.

will be adressed by numbers assigned to them according
to their position on the tablet. While the drawings 1, 2,
4, and 5 show one knotted snake each, entangled in itself
(i.e., a one-component knot), there are two snakes en-
tangled with each other (i.c., a two-component knot) in
drawing 3. Even though it seems quite natural, it is worth
mentioning that the knots are represented by means of
two-dimensional projections in very much the same way
as it is done in modern knot theory> where they are called
knot diagrams, see the examples below. A snake’s body is
just discontinuous when undercrossing another part. We
start with a structural analysis of the single knots using
knot diagrams.

5 For a nice introduction to this field see, e.g., Adams 2004.
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Figure 2: lefi: the unknot drawn as no. 2 on the tablet; right: the
trefoil knot probably intended.
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Figure 3: The braid-shaped knots in drawings 1 and S.

§2.3. With exception of no. 2, all of the one-component
knots are “true” knots, meaning that you cannot force the
snake into a straight line by pulling its head and tail in op-
posite directions. Snake no. 2 as it is drawn on the tablet,
however, can be pulled into a straight line and thus rep-
resents what is called an unknot in knot theory. In view of
the subsequent analysis it seems probable, however, that
there is one erroneous crossing in the drawing and that in
fact a “trefoil knot” was intended (figure 2).6

§2.4. The knots nos. 1 and 5 come in the shape of two
braids as depicted in figure 3. Interestingly, also the trefoil
knot allegedly intended in no. 2 can be considered the
most elementary braid of the same principal structure as
nos. 1 and 5. The corresponding deformation is illustrat-
ed in figure 4. So the three knots nos. 1, 2 (corrected), and
S turn out to be a three-element selection from an (in-
finite) sequence of structurally similar knots of increasing

complexity (figures 6 and 5).

§2.5. The knots 3 and 4 do not, however, fit into this
pattern. Whereas no. 3 is a two component-knot (as
mentioned above), no. 4—while being a one-component
knot like nos. 1, 2, and 5—has a singular structure, even
though a braid-like pattern in its center part is clearly dis-

The name “trefoil knot” comes from the fact that by con-
necting the two ends (head and tail of the snake), you ob-
tain a knot that can be deformed into a form looking like
a trefoil :
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Figure 4: Transforming the alleged trefoil of no. 2 into the shape
of an elementary braid by first rotating it by 180° and then
slightly deforming it.
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Figure S: The first seven elements of a sequence of braids ...
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Figure 6: ... and the three elements found on VAT 9130 (nos. 2,
1, and S, in this order).
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Figure 7: Knot diagram of the two-component link no. 3.
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Figure 8: Making a braid out of no. 3 by concatenating its two
components.
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cernable. To start with the simpler of the two drawings,
let us first consider the knot diagram for the two com-
ponent knot (or link, as knots with more than one com-
ponent are also called) no. 3, the two components being
depicted in different colors, figure 7.

§2.6. Note that none of the two components is knotted
“in itself]” both are representatives of the unknot (simple
loops in fact). It is only through the interlinking between
the two components that the resulting two-component
knot is non-trivial,” and due to the special interlinking
type present here it is rather complex. It is tempting to
try whether by concatenating the two components (i.c.
by connecting the one snake’s head to the other one’s tail,
cf. figure 8), one could obtain one of the braids from the
series in figure 5. But this is not so, because in all the ex-
amples the number of crossings in the diagram represent-
ing the knots is the minimal number needed. And this is
an integer multiple of 3 for the braids above, whereas it is
8 for the result of concatenating the components of no.
3. So this is an example of a truly different braiding type.

§2.7. To finally investigate knot no. 4, looking at the
drawing on the tablet, one sees that the scribe seems to
have had a hard time getting the central part in order. It
is not in all cases discernable whether we are dealing with
overcrossings or undercrossings (or with a crossing at all,
as in the upper right corner of the central part, see below).
The situation is depicted in figure 9. In order to recon-
struct this central part we make use of the most probably
intended symmetry of the structure.® There seem to be
present two symmetries, one with respect to each of the
two diagonal axes. The first is obvious from the drawing,
but the other one is obscured because of the two loose
ends (head and tail) of the snake. It can be made visible,
however, by closing the knot, as is shown in figure 10.
Making one of the two possible choices for the horizon-
tal and the vertical central skeins, namely that the former
overcrosses the latter, we end up with the situation shown
in figure 11. Now, the drawing on the tablet seems to
indicate that the rightmost descending vertical skein, in-
stead of crossing the horizontal skeins, just turns around
and moves to the right. Even though it seems most likely
that each of the three vertical skeins was meant to cross
cach of the three horizontal ones, it is interesting to ac-
tually “prove” it. If the assumption of a turn instead of a

This is similar to a hangman’s noose, which in itself is an
unknot. The situation becomes nontrivial only through
the presence of a second component, a neck for example.

Of its graphical representation, to be more precise.
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Figure 10: The symmetries of no. 4, one of which is established by
closing the knot.

crossing was indeed correct, the alleged symmetry would
produce a similar situation in the lower left part of the
central area (where the drawing is unclear) and we would
(no matter what our choice for the behavior of the central
skeins was) be dealing with a situation as shown in figure
12. But this would lead to a decomposition of the knot
into two components one of which is an ordinary snake
(after re-opening the knot), but the other one is a closed

loop with neither head nor tail (figure 13). Therefore, the
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Figure 11: Making a choice for the horizontal and the vertical
central skein.
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Figure 12: Supposing there is a turn in the upper right part of the
central area ...
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Figure 13: ... the snake decomposes into two components.

above assumption is probably wrong, and we end up with
a number of possibilities for reconstructing the central
part of the knot some of which are drawn in figure 14.

§2.8. After the structural analysis of the single drawings
of VAT 9130, some remarks concerning the composition
as awhole are in order. First, it strikes us that all the draw-
ings occupy about the same amount of space on the tablet
surface. The more complex the knots they represent, the
more minutely the drawings have to be executed. In this
regard it is especially remarkable that it is just the simplest
of the five knots, namely the alleged trefoil (no. 2), which
is (allegedly) misdrawn. Note also that this drawing ap-
pears to be the most “naturalistic” and is executed in a less
schematic and formalized way than the others. Possibly, it
is the first one that has been drawn on the tablet.
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Figure 14: Some possible reconstructions of no. 4.

§2.9. It seems plausible to think of the reverse of VAT
9130 as of a “list,”? very much like the one on the ob-
verse which is a copy of the well-known Sumerian titles
and professions list,1? the main differences being the fol-
lowing. First, the subject of consideration is not some se-
mantic or lexical field but geometric complexity, in this
special case the complexity of embedded lines in three-
dimensional space. And second, unlike the lexical list on
the obverse (and all other lexical lists, come to that) this
list is not written in lines and columns. This is perhaps
mainly due to the fact that this kind of list is not yet stan-
dardized and especially not yet canonized (and probably
has never been; remember that VAT 9130 is the only
example known so far). But then the normal list format
is not even to be expected here because there is no such

In view of Assyriologists’ use of the word “list” for a very
specific text format in ancient Mesopotamia, Friberg’s ex-
pression “theme text” (see above) is more adequate.

' For this list see Nissen, Damerow & Englund 1991, 153-
156; 1993: 110-115, and for the autograph Deimel 1923:
71 text 75. For general information on lexical lists see

Cavigneaux 1980-1983.
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Figure 15: Obverse of MS 4515 (top) and of MS 3194 (botrom).
Reverse sides and edges blank.

thing as a linear order on the complexity of knots. And
maybe it was not even needed, since, whatever the exact
ordering criterion might have been, the ordering is en-
coded intrinsically in the graphic representations of geo-
metric complexity itself — obvious at least for the case of
the series of braids.

§2.10. Note in particular that it takes some training
to carry out such drawings in a more or less correct and
precise manner as they are found—apart from the cen-
ter part of no. 4 and some other minor glitches—on the
tablet. One may assume that the scribe used a template
for the knots as well as for the text on the tablet’s obverse
side. This as well as the rather schematic design of the
drawings (except for no. 2) indicates that these structures
and their systematization have been part of the (scribal)
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Figure 16: Drawings of MS 4515 (not exactly to scale); in the
bottom drawing, the different connection components and ap-
pendices are represented in different colors.

education and thus of scientific consideration. Yet, after
all, we might think of VAT 9130 as of something like
an early version of modern tables of knots as they can be
found in every book on knot theory or, e.g., at <http://
katlas.org/wiki/>.

§3. Embeddinga Rectangle in 2-Space: Surface-
filling Bands

§3.1. Possibly also the tablets MS 4515 and MS 3194
(Friberg 2007: 219-221 and 224-227, respectively; see
figure 15) can be considered as part of a list (better: se-
ries) dealing with the collection and study of complex
embedded structures, in this case surface-filling bands.
They have been studied extensively by Friberg (op. ciz.)
who interpreted them as labyrinths having one “good”
and one “bad” path each, meaning a path reaching the
center or not, respectively (each starting at one side of
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Figure 17: Schematic representation of the “path” of MS 4515,
neglecting bulges; in the uppermost drawing, its ingoing and out-
going parts are differently colored, while the lowermost drawing
tries to visualize the path as a surface-filling band.

the array). However, the photographs show that he mis-
copied the central part of the array in both cases and that
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Figure 18: The clay cone MS 3195.

there is in fact only one path each, entering the array on
one side, spiraling towards the center, turning around,
spiraling out again and leaving the array on the other side.

§3.2. Here we only analyze MS 4515 as it seems to fol-
low from the photographs (Friberg 2007: 489 top; CDLI
no. P253616). Figure 16 shows a sketch of the drawing
(not one hundred per cent to scale and rotated 90 degrees
compared to Friberg’s drawing). It consists of two differ-
ent connection components each of which is a polygon
with rectangular turns only (drawn in black and red co-
lour, respectively), with appendices (green) protruding
from some of the nodes. These lines make the borders of
a path which fills the whole surface (except, of course, the
bordering lines themselves), cf. figure 17.

§3.3. The same is true for the much more complex pat-
tern of MS 3194 (figure 15). Therefore in both cases the
situation is the same as in the drawing on the bottom of
the clay cone MS 3195 (Friberg, 2007: 223, fig. 8.3.8; sce
figure 18 here)which then is, as Friberg suggests, indeed
a possible precursor of the structures considered above.
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